Cooled oil emulsion droplets in aqueous surfactant solution have been observed to flatten into a remarkable host of polygonal shapes with straight edges and sharp corners, but different driving mechanisms -(i) a partial phase transition of the liquid bulk oil into a plastic rotator phase near the droplet interface and (ii) buckling of the interfacially frozen surfactant monolayer enabled by drastic lowering of surface tension -have been proposed. Here, combining experiment and theory, we analyse the hitherto unexplored initial stages of the evolution of these 'shape-shifting' droplets, during which a polyhedral droplet flattens into a polygonal platelet under cooling and gravity. Using reflected-light microscopy, we reveal how icosahedral droplets evolve through an intermediate octahedral stage to flatten into hexagonal platelets. This behaviour is reproduced by a theoretical model of the phase transition mechanism, but the buckling mechanism can only reproduce the flattening if surface tension decreases by several orders of magnitude during cooling so that the flattening is driven by buoyancy. The analysis thus provides further evidence that the first mechanism underlies the 'shape-shifting' phenomena.
I. INTRODUCTION
The culmination of the geometric preoccupations of Ancient Greece was doubtless the classification of the five platonic solids [1] . It is topology, however, that dictates that one of their number, the icosahedron, should abound in nature, among the shapes of virus capsids and other biological structures [2] : Euler's formula implies the formation of at least twelve topological defects in a hexagonal lattice on the surface of a spherical vesicle. By virtue of their elastic properties [3] , these defects repel each other [4] to arrange at the vertices of a platonic icosahedron.
These same topological considerations play their part in the phenomenon of 'shape-shifting' droplets reported by Denkov et al. [5] : micron-sized oil droplets in aqueous surfactant solution flatten, upon slow cooling, into a plethora of polygonal shapes with straight edges and sharp vertices (Fig. 1) . Although first revealed briefly over a decade ago [6, 7] , these phenomena generated a veritable flurry of largely experimental papers [5, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] ] only more recently. These studies revealed that the shape-shifting phenomena arise for a humongous range of surfactants and pure organic phases or mixtures thereof [9, 11] , and showed how to harness these phenomena for efficient, controlled self-emulsification [10, 12] . More recent studies demonstrated their manufacturing potential by synthesizing small polymeric particles [13, 17] ; scaled-up versions of these bottom-up approaches may enable massively parallel control over internally determined particle shape and particle uniformity that are currently only available in topdown approaches such as lithography techniques [13, 17] .
In spite of this large number of experimental studies and these manufacturing applications, the mechanisms underlying these phenomena remain debated, although there is agreement that the initial deformations of the droplets are caused by freezing of the surfactant adsorption layer [5, 8, [14] [15] [16] and the ensuing topological frustration of the hexagonal packing of the surfactant molecules therein, leading to a transient icosahedral shape [14] [15] [16] . Two driving mechanisms for the subsequent deformations have however been proposed: (i) a partial phase transition of the bulk oil phase [5, 8, 9, 12] , and (ii) elastic buckling of the frozen surfactant layer [14] [15] [16] . According to the first mechanism, the formation of a plastic rotator phase [19] of self-assembled oil molecules with long-range translational order becomes energetically favourable next to the droplet surface due to the freezing of the surfactant layer. This rotator phase then arranges into a scaffold of plastic rods at the surface of the droplet supporting the faceted droplet structure. We have shown in earlier theoretical work [20] that the rotator phase mechanism can account for the sequence of polygonal shapes seen in experiments, the statistics of shape outcomes and the observation that some droplets puncture in their centre before freezing [5] . According to the second mechanism, elastic deformations can dominate over surface energy due to ultra-low values of surface tension resulting from the cooling.
The early three-dimensional polyhedral stages of the droplet evolution, from an initial icosahedron down to a flattened hexagon (Fig. 1) , have so far remained unexplored, however. They are the subject of this paper: here, we analyse the flattening of an icosahedral droplet into a hexagonal platelet in detail, comparing experimental observations to predictions of FIG. 1. Shape-Shifting Droplets. Main stages of the droplet shape evolution, following Refs. [5, 9] : the initially spherical droplets become icosahedral due to the interplay of topology and elasticity. Subsequently, the droplets flatten into hexagonal platelets which then evolve into triangles or quadrilaterals. The evolution of polygonal droplets was studied theoretically in Ref. [20] ; the analysis of the flattening process is the subject of this paper. mathematical models describing either mechanism to decide which mechanism underlies the observed phenomena. Thus, using reflected-light microscopy, we reveal how an icosahedral droplet flattens via an intermediate octahedral stage. Through a linear stability analysis and numerical calculations, we show that the rotator phase mechanism can reproduce the observed flattening dynamics for suitable choices of the microscopic law describing the formation of the rotator phase. The elastic buckling mechanism however can only reproduce the observed deformations if surface tension decreases by a least four orders of magnitude, so that the droplet evolution is driven by the interplay of elasticity and buoyancy. The analysis therefore suggests that it is formation of rotator phase rather than elastic buckling at low surface tension that drives the droplet shape evolution.
II. EXPERIMENTAL FLATTENING DYNAMICS
The flattening of the shape-shifting droplets under cooling and the stages of the droplet evolution intermediate between the initial spherical stage and the later flattened stages were observed using reflected-light microscopy to determine the three-dimensional shapes of the droplets at different stages of evolution. The experimental setup is described in Appendix A.
The droplets are initially spherical. Two well-defined types of images can be observed, depending on the position of the focal plane of the microscope: first, if the microscopy focus is on the top of the drop, just below the level of the upper wall of the glass capillary containing the emulsion, circular diffraction fringes (Newton rings) are seen [ Fig. 2(a) ]. These fringes emerge from the interference of the light reflected from the two surfaces of the aqueous film, formed between the wall of the glass capillary and the surface of the spherical oil droplet [ Fig. 2(a) ]. Second, if the microscope is focused on the equatorial plane of the droplet instead, a bright circle around the particle periphery is observed, due to light refraction and reflection at the drop surface [ Fig. 3(a) ]. Deformation of the droplets begins with the appearance of twelve vertices on the drop surface [Figs. 2(b) and 3(b) ]. With the focal plane at the droplet equator, all twelve vertices can be observed simultaneously as three black dots (representing the three upper vertices next to the glass capillary), three white dots (representing the three vertices at the bottom of the droplet) and six bright spots at the drop periphery [ Fig. 3(b) ]. The latter correspond to three vertices just above and three vertices just below the equatorial plane of the droplet, which explains why they have a slightly different appearance in the microscopy images of Fig. 3(b) . As a result, the spherical shape of the drop is distorted and the droplet soon acquires an icosahedral shape; we note that this ideal shape transformation is, however, only observed in some of the systems under appropriate conditions such as slow cooling [5, 9] . At the same time, the aqueous film between the glass capillary and the oil droplet acquires an approximately triangular shape with rounded corners [ Fig. 2(b) ]. Upon further cooling, the drop continues to deform so that this aqueous film appears as an equilateral triangular shape with sharp corners [ Fig. 2(c) ].
As cooling continues, this triangular film increases its area significantly. At the same time, the cross-section of the droplet equator also increases in size. Since the volume of the droplet is conserved, the droplet flattens in the perpendicular direction. Although the droplet looks like a hexagonal prism in transmitted light at this stage, the images in reflected light reveal that the three-dimensional drop shape is better represented as a distorted flattened icosahedron [ Fig To understand these complex droplet shape deformations, we derive theoretical models corresponding to the two proposed mechanisms [5, 8, 9, [14] [15] [16] in the next section.
III. MODEL
On purely combinatorial grounds, the appearance of octahedral droplets as the vertices of the initial icosahedron merge during the flattening process is not suprising: indeed, the octahedron is one of only two polyhedra with six vertices that can be obtained by edge contraction from an icosahedron, and the only one that does not require additional symmetry breaking (Appendix B). Static, entropic considerations of this ilk cannot however capture the dynamics of the problem: as in our previous theoretical description of the dynamics of flattened polygonal droplets [20] , describing the deformations of a polyhedron requires (i) a (non-dimensional) energy E, and (ii) a kinetic law that relates the variations of the energy to the normal velocity of the edges of the polyhedron.
In this paper, we model the polyhedral droplets as convex polyhedra of fixed volume, with flat faces. Throughout the paper, we will use E and F to denote, respectively, the set of edges and faces of such a polyhedral droplet.
A. Droplet Energy
In this section, we derive different energies describing the two mechanisms that have been proposed to underlie the shapeshifting phenomena [5, 8, 9, [14] [15] [16] ].
Rotator phase mechanism
For the rotator-phase mechanism, the energy has contributions from surface tension and from the rotator phase. Extending the energy we have derived to describe the polygonal stages of the droplets [20] to the polyhedral case,
wherein, as in our previous work [20] , the coefficient α depends on temperature and has the scaling α ∼ A r ∆µ/γR, in which A r is a characteristic cross-sectional area of the rotator phase, ∆µ = µ l − µ r > 0 is the difference of the chemical potentials (per unit volume) of the liquid and rotator phases, γ is the coefficient of surface tension and R ≈ 10 µm is a typical radius of the shape-shifting droplets [5] . The function F encodes the dependence of the formation of rotator phase on the dihedral angle δ(e) at edge e. This function did not arise in our previous work [20] , for it is constant during the polygonal stages of the shape evolution. The detailed functional form of F is set by the microscopic properties of the rotator phase, but we expect F to be a decreasing function of δ(e), with
so that no rotator phase is formed when the two faces adjacent to edge e are parallel to each other, while the tendency to form rotator phase is maximal when the two faces have folded on top of each other.
Elastic buckling of a frozen monolayer
For the elastic buckling mechanism, the energy has a first contribution from surface tension, and a second contribution from surface elasticity. In the regime of sharp elastic ridges relevant to our discussion, the elastic energy is dominated by the contributions from the ridges [21] . Invoking the scaling properties of these elastic ridges derived in Ref. [22] ,
where δ(e) again denotes the dihedral angle at edge e, and wherein the coefficient β depends on temperature and has the scaling β ∼ E h 8/3 /γR 5/3 , in which E is the elastic modulus of the frozen surfactant adsorption layer, h is its thickness, and, as before, γ is the coefficient of surface tension and R ≈ 10 µm is a typical radius of the shape-shifting droplets. Upon including an additional buoyancy term B, this energy becomes instead
wherein the non-dimensional Bond number Bo = ∆ρ gR 2 γ measures the relative magnitude of buoyancy and surface tension effects [23] . Here, ∆ρ ≈ 250 kg/m 3 is the density difference between the water and oil phases [24] , and g ≈ 9.81 m/s 2 is the acceleration due to gravity.
There is no consensus on the value of γ at the temperature T d at which the deformations are first observed [8, 9, 16] , and the proponents of the elastic buckling mechanism indeed argue that the observed deformations are driven by ultra-low values of γ [14] [15] [16] . Nevertheless, using the estimate γ ≈ 5 mN/m above T d that the different experimental analyses [8, 9, 16] agree on, we estimate Bo ≈ 10 −4 , and conclude that γ must decrease by at least four orders of magnitude during the cooling for buoyancy effects to play a role. Using the rotator phase mechanism, we have previously described the platelet stages of the droplet evolution by modelling the droplets as polygons [20] . There, disproportionation of the sidelengths of a polygonal droplet of fixed area is energetically favourable because, among all polygons of a fixed number of vertices and fixed area, the regular one has the least perimeter [25] . By contrast, in the elastic buckling mechanism, disproportionation of the sidelengths of a polygonal droplet is energetically favourable because the second term in Eq. (3) is a concave function of edge length [26] .
B. Kinetic Law
In our previous theoretical description of the polygonal stages of the droplet evolution [20] , we imposed a simple kinetic law [27] , that the normal velocity of the sides be proportional to the energy gradient. The three-and non-dimensional analogue of this kinetic law is
wherein r n is the normal displacement of edge e of the polyhedron. Consider the edge joining vertices a and b, and let t denote the unit tangent parallel to it (Fig. 4) . As the polyhedron deforms from its initial shape, described by some variables x, to a new shape described by x + δx, these vertices are mapped to a = a + A · δx and b = b + B · δx. Hence, assuming that the edges stretch uniformly, a point r = a + (b − a)s, where 0 s 1, is mapped to r + R · δx, with R = A + (B − A)s, as shown in Fig. 4 . Let P = I − t t denote projection onto the plane normal to t. Then δr n = P · R · δx and so r n = P · R · x. Using follows that
with, upon letting S = A + B,
The factor 1/6 in this equation can and will be scaled out by rescaling time. Thence
which leads to the overdamped evolution equation
We shall refer to M as the mobility matrix. A more standard kinetic law [27] would instead involve the normal velocity of the faces being proportional to the energy gradient. We have not chosen this kinetic law, since the motion is driven by the edges of the polyhedron, rather than by its faces. Nevertheless, the equations corresponding to this second kinetic law can be derived by analogous reasoning, and we have checked that choosing this kinetic law yields qualitatively similar results.
IV. RESULTS

A. Linear Stability Analysis
A necessary (albeit not sufficient) condition for droplet flattening is that the initial regular icosahedron be unstable to small perturbations. For the linear stability analysis, we describe the icosahedron by means of the coordinates x = (x 1 , . . . , x 12 ) of its vertices and introduce the Lagrangian
is the volume of the icosahedron, and λ is the Lagrange multiplier imposing volume conservation. Let x * denote the coordinates of the platonic icosahedron; imposing ∇L x * , λ * = 0 yields the corresponding value λ * of the Lagrange multiplier. The Hessian for this stability problem is H = P ∇∇L P, where the matrix P = I − vv describes the projection onto the kernel of v = ∇V x * , λ * [28] . We note in passing that, since the mobility matrix is invertible and therefore an isomorphism, it does not affect the stability analysis. The stability boundary is shown in F (δ * ), F (δ * ) space for different values of α > 0. Only the region with F (δ * ) < 0 is expected to be physically relevant.
Rotator phase mechanism
For each face (k, , m) ∈ F , we define
to be its outward normal, so that Eq. (1) becomes
wherein δ k mn is defined by
Formally, we may write
where the matrices A * , B * , C * , S * are purely geometric, and where δ * ≈ 138.2 • is the dihedral angle of the platonic icosahedron. We set F(δ * ) = 1 without loss of generality. We sketch the calculations leading to expressions for these matrices in Appendix C. Evaluating these expressions numerically [29] using M -(The MathWorks, Inc.), we find in particular that S * is positive semi-definite, so the platonic icosahedron is stable if α = 0, as expected. The matrices A * , B * are indefinite, but C * is positive semi-definite. It follows that, for α > 0, a regular icosahedron is unstable provided that F (δ * ) is large enough. More generally, the stability boundary for α > 0 can be computed numerically by a bisection search; results are shown in Fig. 5 . Kinks in the curves defining the stability boundary indicate different eigenvalues crossing zero at the stability boundary. We conclude that a regular icosahedron is unstable to small perturbations for appropriate choices of the microscopic law F. For a fixed choice of microscopic law, only droplets that are small enough (i.e. have large enough values of α) deform; larger droplets are stable (Fig. 5) . The rotator phase mechanism can thus explain the deformations away from the initial platonic icosahedron.
The above analysis can be extended to any platonic solid. In the particular case of a regular octahedron, the geometry of the eigenmodes is much simpler, and we therefore discuss these eigenmodes briefly in Appendix D.
Elastic buckling mechanism
For the elastic buckling mechanism (in the absence of the buoyancy term), starting from Eq. (3), a similar calculation leads to the expression H * = S * + βD * , in which the purely geometric matrices D * , S * are found to be positive semi-definite upon numerical evaluation [29] , and hence H * is positive semidefinite, too, for any β 0, since the sum of positive semidefinite matrices is positive semi-definite. The key conclusion from the stability analysis is therefore that the elastic buckling mechanism cannot explain the deformations of the initial icosahedron unless buoyancy effects become important.
B. Droplet Flattening
The linear stability analysis has revealed necessary conditions for the initial regular icosahedron to deform under either mechanism. Larger deformations, and, in particular, flattening, of the polyhedral droplets must however be studied numerically.
The experimental data suggest that the icosahedron flattens symmetrically (Fig. 2) , and hence that the four parallel equilateral triangles that define a platonic icosahedron (Fig. 6) these asymmetric deformations is so small that it remains small during the entire flattening process.) This suggests using a simplified representation of a symmetric icosahedron, defined by four parallel equilateral triangles (Fig. 6) for the numerical calculations. Such an icosahedron is defined in terms of four variables (Fig. 6, inset) ; one of these can be eliminated using the volume conservation constraint (Appendix E). We solve equation (9) governing the deformations of the icosahedron numerically using the stiff solver ode15s of M -(The MathWorks, Inc.).
Rotator phase mechanism
We begin by considering the rotator phase mechanism and the limit α = ∞ where the tendency to form rotator phase swamps the stabilising effect of surface tension. Our first observation is that a (slightly perturbed platonic) symmetric icosahedron may indeed flatten into an octahedron [ Fig. 7(a) ] under the rotator phase mechanism: as the icosahedron flattens, the top and bottom equilateral triangles expand faster than the middle ones, leading to six pairs of vertices merging to yield a (non-platonic) octahedron, in qualitative agreement with the shape evolution seen in experiments. This evolution depends on the choice of the microscopic law F(δ) and the initial perturbation. As far as the choice of F(δ) is concerned, flattening occurs for example for F(δ) ∝ π 3 − δ 3 [ Fig. 7(a) ], but does not occur for the simplest law in agreement with conditions (2), F(δ) ∝ π − δ [ Fig. 7(b) ]. We have checked that the behaviour in Fig. 7(a) is representative of the behaviour observed for sufficiently concave choices of the microscopic law F(δ) that verify conditions (2) . As far as the initial perturbations are concerned, flattening similarly occurs for some, but not all perturbations of the regular icosahedron [ Fig. 7(a),(c) ].
To explore the latter effect and the role of surface tension, we consider relative perturbations, of fixed magnitude ε, of the parameters defining the symmetric icosahedron (Fig. 6,  inset) . Taking three of these parameters as the basis for the perturbations without loss of generality, we map the shape outcomes for the corresponding initial perturbations onto the surface of a sphere [ Fig. 7(d)] . A boundary divides those initial perturbations that lead to flattening to those that do not, and we observe that this boundary does not strongly depend on α [ Fig. 7(d)] . Physically, the initial perturbation is set by the buoyancy of the droplets. Using the coordinates r, R, h defined in the inset of Fig. 6 , we expect the physically relevant initial perturbations of the droplets to be those with δH < 0 and δr, δR > 0, for which the droplet indeed flattens into an octahedron.
We conclude that, for an appropriate choice of microscopic law, our model of the rotator phase mechanism predicts flattening in qualitative agreement with the experimental observations for physical initial perturbations of the icosahedron. 
Elastic buckling mechanism
The stability analysis in the previous section has revealed that the regular icosahedron is a stable fixed point if buoyancy does not play a role, Bo = 0. We therefore consider the case Bo > 0, in which the regular icosahedron is therefore no longer a fixed point of the energy E 2 . We begin by analysing the limit of low surface tension, in which β, Bo 1 and the dynamics depend on the single parameter B = Bo/β. Numerically, we find that there is an intermediate range, B − < B < B + , in which the platonic icosahedron flattens into an octahedron [ Fig. 8(a) ]. We estimate B − ≈ 7 and B + ≈ 140. If B < B − , the droplet settles into a steady state before reaching an octahedral shape [ Fig. 8(b) ]. If B > B + , the three faces adjacent to the top face flatten into its plane [ Fig. 8(c)] . Thus, the droplet evolves into a hexagonal prism as the top triangle continues to expand. This is inconsistent with the experimental observation that the top plane remains triangular [ Fig. 2(c) ], and does not become hexagonal until the end of the flattening.
Qualitatively similar results are obtained at non-zero surface tension; because of its stabilising effect, B − increases with increasing surface tension. We conclude that the elastic buckling mechanism predicts flattening in qualitative agreement with the experimental observations if buoyancy effects are neither too strong nor too weak.
To obtain more quantitative estimates, we notice the scaling B ∼ ∆ρ R 11/3 E h 8/3 , wherein, as before, E is the elastic modulus of the frozen surfactant monolayer and h is its thickness, g ≈ 9.81 m/s 2 is the acceleration due to gravity, R is the droplet radius, and ∆ρ ≈ 250 kg/m 3 is the density difference between the water and oil phases. Hence the bending modulus of the frozen surfactant layer is
Usefully, this allows us to obtain an upper bound on K without having to estimate the surface tension, which does not appear in this expression: denote by R − the radius, corresponding to B − , of the smallest droplet that can flatten; previous work [5] has shown R − < 5 µm. Taking h ≈ 2 nm [30] , we thus obtain that K < 2 · 10 −20 J is required for flattening into an octahedron. By contrast, direct measurements of the bending moduli of shape-shifting droplets in Ref. [14] led to the lower bound K > 10 3 k B T 3 · 10 −18 J, more than two orders of magnitude above the present upper bound.
V. CONCLUSION
In this paper, we have analysed the flattening of shapeshifting droplets experimentally and theoretically. Models of the two candidate mechanisms have reproduced the evolution of an icosahedral droplet into a flattened octahedral shape in qualitative agreement with the experimental observations. The elastic buckling mechanism, however, can only reproduce the experimental observations if surface tension decreases by at least four orders of magnitude during the cooling, so that the flattening is driven by a competition between buoyancy and elasticity. Moreover, the resulting estimate of the bending modulus of the surfactant adsorption layer is two orders of magnitude too low. All of this strongly indicates that the 'shape-shifting' droplet phenomena are driven by formation of rotator phase rather than elastic buckling of the frozen surfactant adsorption layer at ultra-low surface tension.
While the simple models used in this paper to represent the droplets as true polyhedra could thus reproduce the experimental flattening dynamics qualitatively, it is important to recognise that the faces of the actual droplets do not remain flat, but deform due to elasticity and surface tension. Similarly, these simple models do not take into account the dynamics of elastic defects in the surface. Repeating the computations in this paper for deformable faceted elastic surfaces with defects remains a formidable numerical challenge. Fully resolving the defect energetics would also make possible a more detailed analysis of the merging of the defects at the very latest stages of the flattening.
Some questions more specific to the rotator phase mechanism also remain open: in particular, how does the dependence of the energy on the dihedral angle, encoded in the functional form of F(δ), relate to properties of the rotator phase and the phase change? Deriving this microscopic law from first principles would remove some of the arbitrariness in the present analysis, where we chose a functional form ad hoc for lack of knowledge about the detailed physics involved, even though, as noted previously, the qualitative behaviour of the model does not depend strongly on these details. The impact of the kinetics of phase change on the droplet evolution also remains unclear. As mentioned in the main text, the details of the final step of the droplet flattening depend on the emulsion system: for those systems in which no asperities (long cylindrical protrusions from the platelet corners) are formed, i.e. in Group B systems according to the classification of Ref. [9] , pairs of vertices eventually merge to form true hexagonal platelets [ Fig. 2(e) ]. By contrast, in those systems in which asperities do form, i.e. in Groups A and C of Ref. [9] , the merging of the vertices also drives the transition from an octahedral droplet into tetragonal or triangular plates (Fig. 10 ).
Appendix B: Classification of a Family of Polyhedra
In this appendix, we classify polyhedra that can be obtained by edge contraction from an icosahedron. Starting from an icosahedron, we thus contract edges to reduce the number of vertices of the polyhedron. Representing each polyhedron by its undirected edge graph G = (V , E ) of vertices V and edges E , we classify, numerically and up to isomorphism, the 105 graphs of at least six vertices obtained by edge contraction in this way. (Such a classification is of course a hard problem in general, but the graphs are small enough for classification by brute force to be straightforward.) Requiring these graphs to correspond to true polyhedra, we require that any edge be adjacent to exactly two faces, and that, for any v ∈ V , G \v be connected. Geometrically, these conditions ensure that there are no loose planes or segments, and that the polyhedron is not the union of two smaller polyhedra glued together at a vertex or along an edge. Physically, such deformations would strongly cinch in the droplet surface, and are thus energetically unfavourable. Upon discarding graphs not satisfying this conditions, we are left with 44 polyhedra.
The edge graphs of these 44 polyhedra are shown in Fig. 11 . In particular, we find that there are only two possible polyhedra on six vertices: an octahedron, or a triple tetrahedron (that is, three tetrehadra glued together along their faces). Interestingly, random edge contractions from the icosahedron result in an octahedron with approximate probability 0.11 only, compared to 0.89 for the triple tetrahedron. Formation of a triple tetrahedron requires additional symmetry breaking, though. For this reason, and from this purely combinatorial analysis, the octahedron is to be expected as an intermediate step in the evolution of the icosahedron. which bases aligned with the symmetry axes and planes of the octahedron can be picked, as shown in Fig. 12 .
It is natural to wonder whether there is a deeper reason for this simplification in the case of the octahedron. We do not have an answer to this question, but note that eigenmodes must respect the symmetries of the polyhedron. It is therefore tempting to speculate that, in the case of the octahedron, the existence of a common eigenbasis is caused by the fact that there are simply not enough eigenmodes that are available (i.e. allowed by the symmetries of the octahedron).
Appendix E: Symmetric Icosahedron Model
In this appendix, we derive the volume conservation constraint for the symmetric icosahedron model. Up to scaling, we may take r * = 1 for the regular icosahedron. Using an explicit coordinate representation of the icosahedron, we then obtain
with coordinates r, R, H, h defined as in the inset of Fig. 6 . The volume conservation constraint thus takes the form
We use this relation to eliminate h. Next, using M (Wolfram, Inc.), we derive expressions for the coefficients of the mobility matrix, from Eq. (10), and for the energy gradient. These expressions, albeit too large to reproduce here, are easily evaluated numerically and given in the Supplemental Material [29] . 
